Controlling thermal properties is central to many applications, such as thermoelectric energy conversion and the thermal management of integrated circuits. Progress has been made over the past decade by structuring materials at different length scales, but a clear relationship between structure size and thermal properties remains to be established. The main challenge comes from the unknown intrinsic spectral distribution of energy among heat carriers. Here, we experimentally measure this spectral distribution by probing quasi-ballistic transport near nanostructured heaters down to 30 nm using ultrafast optical spectroscopy. Our approach allows us to quantify up to 95% of the total spectral contribution to thermal conductivity from all phonon modes. The measurement agrees well with multiscale and first-principles-based simulations. We further demonstrate the direct construction of mean free path distributions. Our results provide a new fundamental understanding of thermal transport and will enable materials design in a rational way to achieve high performance.
D esigning structures at the nanoscale to control their physical properties has shown great promise in driving materials to high performance well beyond the state of the art [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In particular, different nanostructuring approaches have recently been extended to manipulate thermal properties for energy conversion, thermal management and novel thermal insulation [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] 17, 19 . Rational ways to control thermal conductivity are strongly desired but remain challenging, because thermal transport generally involves a spectral distribution of heat carriers and this distribution is unknown in most solids. In most semiconductors and dielectrics, these heat carriers are primarily lattice vibrations, or phonons 20 . Macroscopic thermal conductivity is the sum of the contributions from all phonon modes 21 , which span a wide spectrum in the Brillouin zone. Quantifying the contributions of different phonon modes to the thermal conductivity is critical for using nanostructuring approaches to tailor the thermal conductivity, but this information remains elusive for most materials. At present, most materials are designed by a trial-and-error process 13 . Extensive theoretical work, particularly that using first-principles density functional theory (DFT) calculations, has shown progress in predicting the spectral distribution, but is limited by computational costs 10, [22] [23] [24] [25] . Experimentally, inelastic neutron scattering is a classical technique that provides a powerful tool to study phonon spectra and lifetimes 26, 27 , but this approach is limited to the characterization of single-crystal materials and requires facilities that are not widely available. In this Article we demonstrate a desk-top approach to experimentally determine and construct the full spectral distribution of the thermal conductivity of a variety of materials by utilizing observations of quasi-ballistic thermal transport.
Thermal spectra and quasi-ballistic transport
The key metric to quantify the spectral distribution is the cumulative thermal conductivity, Φ(Λ m )= ∫ Λ m 0 (1/3)C · v · Λ(dΛ/dω) −1 dΛ (for isotropic media), where C, v and Λ are the mode-dependent heat capacity, group velocity and phonon mean free path (MFP) 21,28 , respectively. MFPs are the characteristic lengths that describe the distance the heat carriers can transmit thermal energy before being scattered, and can span several orders of magnitude, for example, from ∼1 nm to ∼1 mm. The cumulative thermal conductivity, Ф(Λ m ), represents the contribution to the total thermal conductivity from all phonons with MFPs less than a certain value, Λ m . This quantification projects the spectral contributions of the thermal conductivity into characteristic length scales, and is useful for the direct prediction of thermal transport in more complex nanostructured materials 21 . In fact, reducing the phonon thermal conductivity by using nanostructures with characteristic dimensions smaller than their bulk MFPs has become a powerful approach in thermoelectric energy conversion 3, 5, 6, 8, 12, 13, 18, 29 . The rational design of material structures, which has great potential to improve thermal device performance in the future, relies on this quantitative spectral information. The goal of this work is to quantify the thermal spectra in different materials based on two essential steps: measuring the size-dependent ballistic transport across the full range of phonon MFPs and the successful conversion of direct measurements into intrinsic MFP distributions.
Our approach to measuring a wide range of size-dependent ballistic transport is based on exploiting quasi-ballistic heat conduction around nanostructured heat sources. The basic physical picture is illustrated in Fig. 1a . In the measurement, hot phonons travel from the heater into the underlying substrate material. The heat transfer regime is controlled by a characteristic thermal length, which is proportional to the heater size D, compared to phonon MFPs. In the diffusive limit, when D ≫ Λ, propagating phonons experience enough scattering to reach local thermal equilibrium. In this case, Fourier's law accurately describes the transport and the thermal conductivity of materials is simply the bulk value (k bulk ). From kinetic theory 20 , the contribution to the total thermal conductivity from a specific phonon mode is k ω,bulk = (1/3)C ω · v ω · Λ ω . As the heater size D is reduced, those phonons with D < Λ will have few opportunities to scatter. In the ballistic limit (D ≪ Λ), phonons propagate analogously to thermal radiation over the whole region with a characteristic length ∼D. Importantly, the heat flux in the ballistic regime is very different from that in the diffusive regime, and these deviations provide information about the MFPs of thermal phonons. The ratio of the ballistic to the diffusive heat flux reveals that the contribution of each ballistic phonon mode to the total thermal conductivity will be suppressed compared to the Fourier law prediction as k ω /k ω,bulk ∼ D/Λ ω (ref. 30) , although the exact relationship depends on geometry, which will be discussed in more detail later in this Article. The deviation from the Fourier law was observed at a low temperature, when some phonons can have very long MFPs, using heating and electrical-resistance thermometry along a small doped region in a suspended silicon membrane based on local temperature measurement 19, 31 . Some of the coauthors observed this phenomenon by measuring the thermal conductivity of silicon using laser heating with different beam diameters, and suggested this as a tool to study phonon MFPs 32 . However, the laser beam diameter was greater than 10 μm, and experimental observation was again limited to very low temperatures when the MFPs are much longer. Due to the optical diffraction limit, it is not clear how this approach can be extended below 1 μm, making it difficult to apply to most materials for which a large portion of phonons have MFPs of hundreds of nanometres. Other approaches are also being pursued to study phonon MFPs but with limitations. Frequency-domain modulation was used to define the thermal diffusion length 33, 34 , but this technique was limited to materials with low thermal conductivity. Grating techniques 35, 36 probing the differences between the peaks and valleys of the temperature profile are limited by the laser wavelength or require materials to be optically transparent. At present, there is no measurement capable of covering a wide range of phonon MFPs-from nanometres to tens of micrometres-in most materials. More importantly, all of these experiments have oversimplified the interpretation of size-dependent transport by assuming that phonons with MFPs larger than the characteristic size do not contribute to heat conduction. Therefore, a clear experimental approach to measure the intrinsic phonon MFP spectra with a rigorous interpretation is critically important and needs to be developed. Here, we demonstrate a generic approach that can be applied to many materials, which for the first time measures contributions of up to ∼95% of the total thermal conductivity from all phonon modes. The measurement strategy presented here systematically varies the heater size D down to 30 nm through a hybrid nanostructure design, thus resulting in a gradual suppression of the phonon modes due to ballistic transport. By measuring the reduction in the thermal conductivity, we can obtain the contribution to the thermal conductivity from phonon modes with Λ ∼ D. Furthermore, we demonstrate the successful conversion of the observed ballistic phonon transport at different sizes to map the intrinsic phonon MFP distribution, which will be described in detail later in this Article.
Transient and size-dependent measurements
In the present experiments, the thermal conductivity was measured using a time-domain thermoreflectance (TDTR) technique 37 , as shown in Fig. 1b (see Methods). A femtosecond laser pulse is split into a pump and a probe pulse. The pump pulse heats the sample surface and the probe pulse samples the change in reflectance of a metal transducer film with a delay time controlled by a mechanical delay line. The optical reflectance change can be linearly related to the surface temperature change of the sample with sub-picosecond temporal resolution: ΔR ∝ C TR ·ΔT, where C TR is the material-dependent thermoreflectance coefficient. From the measured surface temperature decay, the effective thermal conductivity (k eff ) of the sample materials can be obtained by fitting to a multilayer model derived from Fourier's law 37, 38 .
There are two major challenges in expanding the technique to cover the wide range of length scales spanned by phonon MFPs. The first is how to generate nanoscale heat sources and the second is to avoid electron-hole generation in the substrate, as this process complicates the analysis of thermoreflectance signals. To overcome the first challenge we used nanoscale metallic patterns with variable size on the sample surface to control the characteristic length for thermal transport. As shown in Fig. 2a , a metallic pattern of variable size D (30 nm to 60 μm) served as the effective heater after absorbing the pump light, rather than the optical beam itself. To avoid electron-hole generation by the underlying substrate material, a hybrid bilayer structure was used to localize the heating source and minimize contributions to the reflected probe pulse from the surrounding regions (see Methods). This hybrid structure uses a polymer layer and two different metals to ensure that the detected thermal reflectance change signal represents heat transfer through the substrate.
The hybrid structure is effective for two reasons. First, due to the periodically modulated heat flux input from the pump pulse, the temperature profile decays exponentially with a characteristic length equal to the thermal penetration depth L p . In the polymer layer, the thermal penetration depth is very small due to its low thermal diffusivity α. A polymer layer thicker than L p ≈ 100 nm ensures that the periodic heating will not affect the underlying sample materials under the experimental conditions. Thus, the temperature rise of the metal in direct contact with the substrate is not affected by heating of the metal on top of the polymer. Second, a metal with a small thermoreflectance change (ΔR) is used on the polymer. The metal in direct contact with the sample a Temperature (a.u.) materials has a large thermoreflectance change such that the measured signal is mainly contributed by heating the substrate. Figure 2b presents a scanning electron microscopy (SEM) image of a regular array of such patterns over a large area.
As a proof-of-concept example to validate the accuracy of our thermal analysis model and the confinement efficiency of the hybrid design, the thermal conductivity was first measured with different heater sizes for glass and sapphire. Figure 2c shows typical experimental data for different heater sizes D. The measured thermoreflectance signal ΔR(t) represents the surface temperature decay of the heater, ΔR(t) ∝ ΔT(t) and strongly depends on the thermal properties of the underlying materials. Therefore, by fitting the time-dependent curve with a multilayer diffusive model, the effective thermal conductivity k can be obtained (results are shown in Fig. 2d in terms of k/k bulk ). The thermal conductivity of glass was measured as 1.4 W m −1 K −1 , consistent with the literature, showing no obvious size dependence. Note that the measured k is the effective thermal conductivity predicted using a diffusive transport model (for example, one based on Fourier's law), and this k value will be smaller than the actual value if ballistic transport occurs (MFP > D). For disordered oxides, such as glasses, the atoms oscillate with random phases and there are no collective lattice motions, meaning ballistic transport does not occur over the length scales probed in our experiment. Although recent calculations 39 suggest that propagating phonon modes with long MFPs make a considerable contribution to the thermal conductivity of amorphous SiO 2 , our results do not show appreciable size-dependent thermal conductivity in glass and are consistent with ref. 34 . Second, we performed a measurement on sapphire with a pure metallic pattern and the hybrid design. Sapphire is transparent to the optical wavelength used in the measurement, so, even without the hybrid structure, there is a clearly defined local heating area. The good agreement between the two results confirms that the hybrid design and modelling can provide efficient local heating and surface temperature detection. Finally, unlike glass, the thermal conductivity of sapphire starts to drop off when D is reduced below 1 μm. We attribute the change in effective thermal conductivity to size-dependent ballistic thermal transport, and the result indicates that most phonons in sapphire have MFPs < 1 µm. To obtain a more detailed understanding of the intrinsic phonon spectral distribution from the heater size-dependent thermal conductivity, we next apply this approach to silicon, using silicon as a model system material.
Multiscale and first-principles simulations
The thermal properties of silicon have been studied extensively, especially using first-principles DFT calculations 23 . However, experimental measurements are limited to long MFP phonons 32, 34, 35 . We measured the normalized effective thermal conductivities of Si (k/k bulk ) as shown in Fig. 3a . When the heater size is large (D = 60 µm, as in the film case), the measured thermal conductivity approaches the literature value for bulk silicon (k = 142 W m −1 K −1 ). When D is reduced to ∼30 nm, more than 90% of the total thermal conductivity is suppressed. As a comparison, classical kinetic theory 20 estimates the thermal conductivity as k = (1 / 3)C · v · Λ, where the averaged MFP for silicon is Λ = 41 nm, by using the volumetric heat capacity C and the branch-averaged sound velocity v s . This grey approximation severely underestimates the contribution from phonons with long MFPs, due to an overestimated weighted group velocity of acoustic phonons at room temperature and optical phonon contributions to k (refs 31, 40) . This result emphasizes the necessity of using a spectral distribution for an accurate description of thermal transport.
To better understand and validate the accuracy of our thermal measurement, we performed simulations based on first-principles calculations to predict the effective thermal conductivity of silicon for the three-dimensional heating geometry in the measurement. We used a recently developed variance-reduced stochastic Monte Carlo method 41 to solve the three-dimensional spectral-dependent phonon Boltzmann transport equation, with phonon lifetimes calculated from first-principles DFT and full phonon dispersion relations 23 . The computed surface temperature is fit with a diffusive solution to obtain the effective thermal conductivity. The numerically predicted data plotted in Fig. 3a show good agreement with the experimental data. We also varied the interface thermal conductance values in our simulation by changing the phonon transmittance, and we found that they have little influence on the simulated effective thermal conductivity (Supplementary Section 2.5). These results demonstrate that our approach can precisely capture the physics of ballistic transport and the spectral contributions from all phonon modes, although it is understood that the presented technique may not be suitable for all transducing metal-substrate combinations due to the mismatch in the phonon spectra and crystallography, such as occurs in highly anisotropic materials.
Reconstruction of the spectral distribution
A further important step is to quantitatively reconstruct the intrinsic spectral distribution from the size-dependent measurements. In earlier studies, the geometric size was often directly equated to the phonon MFP, and phonons with MFPs larger than this size were assumed not to contribute to the measured thermal conductivity. In fact, size dependence is heavily dependent on the experimental device geometry, numerically expressed as a suppression function S, whereas the MFP is an intrinsic characteristic of materials 21, [42] [43] [44] [45] . Previous works did not use a reconstruction technique to connect characteristic sizes to the MFP, explaining why the size-dependent thermal conductivity values in the literature do not agree with one another for the same materials (that is, silicon) [31] [32] [33] [34] [35] . Numerically, the measurements are linked to the desired MFP distribution by a suppression function S that describes the reduction in heat flux carried by ballistic phonons compared to the Fourier law prediction 21, 42, 43 . S is a geometric factor and is only determined by the specific heating geometry. In the present experimental configuration, S is a function depending on both the heater width D and the inter-heater spacing L (ref. 46 ) via two non-dimensional parameters, Λ/D and D/L. Our fabricated structure maintains D/L as a constant, so S depends only on Λ/D. Mathematically, the sizedependent effective thermal conductivity k(D) is related to the differential spectral distribution f(Λ) by
where χ = Λ/D, the cumulative distribution Φ(Λ)= ∫ Λ 0 f(Λ) dΛ and the computational kernel K(χ) = −dS/dχ. However, the suppression function S(χ) is only available for the simplest case in one dimension 21, 42, 43 , and S(χ) is difficult to calculate here due to the three-dimensional geometric complexity. To solve this issue we developed the suppression function for complex three-dimensional heating structures using a benchmark approach: by leveraging the full spectrum of the experimentally measured size-dependent data and the MFP distribution from DFT calculations, S(χ) can be obtained by using the silicon data as the benchmark reference (see Methods). The calculated S(χ) and kernel function K(χ) (after normalization) (scaled by a factor of 2) for D = 1 µm are plotted in Fig. 3b .
Note that a recent work has reported that Fourier's law fails for anisotropic materials and that the interface can play a role in ballistic transport 47 . Our calibration approach to determine the suppression function automatically takes these effects into account and is supported by previous simulations 45 . Furthermore, the suppression function is approximately independent of the material under consideration and can thus be used to study other materials 21, [42] [43] [44] [45] . We demonstrate this ability by directly reconstructing the spectral distribution of the thermal conductivity from measurements on several materials. Impurity doping and alloying are common methods used in thermoelectric materials development to effectively reduce a material's thermal conductivity while improving the electrical conductivity, yet precisely which phonons are scattered by these defects remains unclear. To obtain insight into this scattering mechanism, we measured the size-dependent thermal conductivity for a SiGe alloy (Fig. 4a) . Again, phonon modes contributing over 90% of the total thermal conductivity can be accounted for by reducing the heater size from ∼100 μm to 30 nm. Using the suppression function S(χ), we reconstructed the spectral distribution of the thermal conductivity for Si 0.992 Ge 0.008 (indicated by green circles in Fig. 4b ). 
Comparison of experiment and DFT calculation
To verify the reliability of the phonon spectra thus constructed, we compared them with DFT calculations for the same material using a previously published method [22] [23] [24] . The phonon spectra from the experiments and from DFT calculations indeed show good agreement with each other (Fig. 4b) . Notably, the SiGe data capture an interesting phenomenon: the MFP distribution curve exhibits two regimes due to different phonon scattering mechanisms. The first is a large-slope regime (of the semi-log plot) in the long MFP range (>1 μm), which is similar to the crystalline silicon MFP distribution, where anharmonic phonon scattering is dominant. A regime with a smaller slope is observed for the short MFP range (<1 μm) and can be attributed to impurity scattering from Ge atoms. The MFP distribution shows that even with only 0.8% of Ge atoms, random Ge impurity atoms can effectively scatter phonons with MFPs up to 1 µm and reduce the bulk thermal conductivity from 142 W m −1 K −1 (in silicon) to 46 W m −1 K −1 . The approach developed here can be used to measure the spectral distribution of the thermal conductivity in different materials. Figure 4c presents the reconstructed MFP distribution for sapphire, GaN (wurtzite) and GaAs. The measured thermal spectra are unique and can vary greatly for different materials. The significance of our work is twofold. First, the measured spectral distribution provides essential information for phonon engineering, especially in the design of thermoelectric materials to achieve low thermal conductivity. Second, the spectral distribution can provide important information for the thermal management of ultra-small semiconductor electronic devices. Thermal management has become a wellknown limiting factor in the performance of microelectronics. Although size effects on the thermal conductivity of thin films and nanowires are well known now due to phonon scattering at boundaries 48, 49 , our work shows that heat spreading to large substrates is also limited by size effects arising from ballistic heat transport away from the heat generation region. For example, from our results, the thermal conductivity of Si and GaN can be reduced to about 10% of the bulk value when the heater size is less than 50 nm and 100 nm, respectively. In semiconductor devices such as metal-oxide-semiconductor field-effect transistor (MOSFETs), most heat is typically dissipated in the drain region of the device, which is on the order of tens of nanometres 17 , and our results show that the temperature rise in these regions may be higher than predictions based on the bulk thermal conductivity. When devices are manufactured at different length scales, knowledge of these spectral contributions can provide a more accurate evaluation of their capability to exchange heat from hot spots to the environment as well as for local temperature-dependent electrical transport 17 . In the Supplementary Information, we also give an approximate expression for the effective thermal conductivity so that size effects can be estimated quickly.
Conclusion
In summary, we have directly measured the phonon spectral contributions to thermal conductivity based on the quasi-ballistic transport that occurs near nanoscale heat sources. We have demonstrated that the experimental results for the MFP distributions in a SiGe alloy sample agree well with first-principlesbased simulations, and we can apply the method to several other materials including GaAs, GaN and sapphire. Our experimental approach provides a general route to experimentally quantify contributions to heat transport from phonons with different MFPs across the entire phonon spectrum. The measured results can be directly applied to better design thermal properties using nanostructured materials for energy applications. The results also have significant implications for the thermal management of ultra-small electronic devices 17 . We expect that future work using similar methods combined with theoretical calculations will lead to a clearer microscopic description of thermal transport in nanostructures and will open up new opportunities to improve material performance through the optimal control of energy carriers.
Methods
Methods and any associated references are available in the online version of the paper. 
Experimental details. Thermal transport was characterized using the TDTR technique 37 . The basic set-up is presented in Fig. 1b . A tunable Ti:sapphire laser emits a train of 200 fs pulses at a repetition rate of 80.7 MHz and a central wavelength of 800 nm. The light is divided into pump and probe beams by the first beamsplitter, with a large power ratio between the two beams. The pump beam provides the thermal excitation and the probe beam serves as a non-invasive temperature sensor by measuring the change in reflectance due to the temperature change. The pump beam (with spot size of 60 μm) passes through an electro-optic modulator with a sine-wave modulation up to 20 MHz and then through a bismuth triborate (BIBO) crystal, where its frequency is doubled to 400 nm. The probe beam (with spot size of 10 μm) is controlled with a delay time t delay (up to 6 ns) by a timedelay stage, and its reflected intensity is measured by a photodiode detector (Thorlabs PDA36A).
Sample preparation. Metallic patterns and hybrid structures were fabricated using multistep electron-beam lithography and thermal evaporation 50 . Heater patterns were formed with aluminium and their sizes (D) were varied systematically over a wide size range, from 30 nm to 100 µm, in a periodic array with periodicity L = 2D. The thermally insulated hybrid region, separated from the heaters, is a bilayer structure consisting of a bottom layer of poly(methyl methacrylate), which has a low thermal diffusivity of 1.1 × 10 −7 m 2 s -1 , and a top layer of silver, which has a lower thermoreflectance change than that of the heater. The detected thermoreflectance change signal has contributions from the geometry of the heaters, the surface temperature change and the thermoreflectivity.
Thermal and optical modelling. Multilayer thermal and optical transport simulations were carried out using a multilayer thermal model and Comsol Multiphysics (v4.3a). In the heat transfer module, periodic heat input and boundary conditions are applied, following the experimental conditions (see Supplementary  Information) . In the radiofrequency module, a linear temperature-dependence relative permittivity was considered, according to the measurement conditions. Three-dimensional thermoreflectance simulations were used to optimize the sample structure design and to ensure that the detected thermoreflectance signal could be determined by changes to the surface temperature of the heaters (for example, with more than 90% confidence in the sub-wavelength regime).
Variance reduced Monte Carlo simulation. The frequency-dependent phonon Boltzmann transport equation was solved using the recently developed variance reduced Monte Carlo method 41 to model the quasi-ballistic phonon transport in the spectroscopy experiments. The simulation domain consists of periodic metallic dots sitting on top of the underlying substrate materials, mimicking the experimental nanostructures. The phonon lifetimes calculated from first-principles DFT were used as the input properties for the simulation 23, 24 . The simulation was initialized by randomly populating a large number of computational phonon particles in the metal domain. Periodic boundary conditions were implemented to account for the periodicity of the entire simulation domain. At the end of each time step, the phonon energy was sampled in each discretized subcell and the local energy density was subsequently inverted to determine the local temperature distribution and the pseudo-temperature distribution. Anharmonic scattering was modelled as a probabilistic process following the energy sampling step. The surface temperature of the metal dots was recorded as a function of time and matched with the solution of Fourier's diffusion theory to obtain the effective thermal conductivity of the substrate.
Calculations to reconstruct the spectral distribution Φ(Λ) from the size dependence k(D). To obtain the suppression function S(χ) for the threedimensional heating geometry, silicon was used as the benchmark reference material. Silicon has been well studied, and both experimental results for k(D) (from this work) and theoretical data for Φ(Λ) (ref. 23 ) are available for the full phonon spectrum. To numerically solve for S(χ) and the spectral distribution Φ(Λ), we used a Gaussian quadrature with 50 points to discretize the integral in equation (1) and to obtain a singular linear system of equations that cannot be inverted using traditional methods. We instead used convex optimization 51, 52 to calculate S(χ) and recover Φ(Λ), making use of the fact that both S(χ) and Φ(Λ) are generally smooth functions that monotonically increase from 0 to 1. Our analysis does not make any assumptions regarding the phonon scattering mechanisms. More details about the convex optimization method and the numerical calculation for the onedimensional case can be found in refs 43 and 51. To use convex optimization to solve for S(χ) and Φ(Λ), we used CVX, a package for specifying and solving convex programs 52 .
